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PREFACE 



The quantum theory of condensed matter (i.e. solids and liquids) has been domi- 
nated by two main themes. The first one is band theory and perturbation theory. It 
is loosely based on Landau’s Fermi liquid theory. The second theme is Landau’s 
symmetry-breaking theory and renormalization group theory. Condensed matter 
theory is a very successful theory. It allows us to understand the properties of 
almost all forms of matter. One triumph of the first theme is the theory of semi- 
conductors, which lays the theoretical foundation for electronic devices that make 
recent technological advances possible. The second theme is just as important. It 
allows us to understand states of matter and phase transitions between them. It is 
the theoretical foundation behind liquid crystal displays, magnetic recording, etc. 

As condensed matter theory has been so successful, one starts to get a feeling 
of completeness and a feeling of seeing the beginning of the end of condensed 
matter theory. However, this book tries to present a different picture. It advocates 
that what we have seen is just the end of the beginning. There is a whole new world 
ahead of us waiting to be explored. 

A peek into the new world is offered by the discovery of the fraction quantum 
Hall effect (Tsui et al., 1982). Another peek is offered by the discovery of high-T c 
superconductors (Bednorz and Mueller, 1986). Both phenomena are completely 
beyond the two themes outlined above. In last twenty years, rapid and exciting 
developments in the fraction quantum Hall effect and in high-T c superconductivity 
have resulted in many new ideas and new concepts. We are witnessing an emer- 
gence of a new theme in the many-body theory of condensed matter systems. This 
is an exciting time for condensed matter physics. The new paradigm may even 
have an impact on our understanding of fundamental questions of nature. 

It is with this background that I have written this book. 1 The first half of this 
book covers the two old themes, which will be called traditional condensed matter 
theory. 2 The second part of this book offers a peek into the emerging new theme, 
which will be called modem condensed matter theory. The materials covered in 
the second part are very new. Some of them are new results that appeared only a 
few months ago. The theory is still developing rapidly. 



1 When I started to write this book in 1996, I planned to cover some new and exciting develop- 
ments in quantum many-body theory. At that time it was not clear if those new developments would 
become a new theme in condensed matter theory. At the moment, after some recent progress, I myself 
believe that a new theme is emerging in condensed matter theory. However, the theory is still in the 
early stages of its development. Only time will tell if we really do get a new theme or not. 

2 Some people may call the first theme traditional condensed matter theory and the second theme 
modem condensed matter theory. 




Preface 



viii 

After reading this book, I hope, instead of a feeling of completeness, readers 
will have a feeling of emptiness. After one-hundred years of condensed matter the- 
ory, which offers us so much, we still know so little about the richness of nature. 
However, instead of being disappointed, I hope that readers are excited by our 
incomplete understanding. It means that the interesting and exciting time of con- 
densed matter theory is still ahead of us, rather than behind us. I also hope that 
readers will gain a feeling of confidence that there is no question that cannot be 
answered and no mystery that cannot be understood. Despite there being many 
mysteries which remain to be understood, we have understood many mysteries 
which initially seemed impossible to understand. We have understood some fun- 
damental questions that, at the beginning, appeared to be too fundamental to even 
have an answer. The imagination of the human brain is also boundless. 3 

This book was developed when I taught the quantum many -body physics course 
between 1996 and 2002 at MIT. The book is intended for graduate students who 
are interested in modem theoretical physics. The first part (Chapters 2-5) cov- 
ers traditional many-body physics, which includes path integrals, linear responses, 
the quantum theory of friction, mean-field theory for interacting boson s/fermions, 
symmetry breaking and long-range order, renormalization groups, orthogonality 
catastrophe, Fermi liquid theory, and nonlinear cr-models. The second part (Chap- 
ters 6-10) covers topics in modem many-body physics, which includes fractional 
quantum Hall theory, fractional statistics, current algebra and bosonization, quan- 
tum gauge theory, topological/quantum order, string-net condensation, emergent 
gauge-bosons/fermions, the mean-field theory of quantum spin liquids, and two- 
or three-dimensional exactly soluble models. 

Most of the approaches used in this book are based on quantum field theory 
and path integrals. Low-energy effective theory plays a central role in many of our 
discussions. Even in the first part, I try to use more modem approaches to address 
some old problems. I also try to emphasize some more modem topics in traditional 
condensed matter physics. The second part covers very recent work. About half of 
it comes from research work performed in the last few years. Some of the second 
part is adapted from my research/review papers (while some research papers were 
adapted from parts of this book). 

The book is written in a way so as to stress the physical pictures and to stress the 
development of thoughts and ideas. I do not seek to present the material in a neat 
and compact mathematical form. The calculations and the results are presented 
in a way which aims to expose their physical pictures. Instead of sweeping ugly 
assumptions under the mg, I try to expose them. I also stress the limitations of 
some common approaches by exposing (instead of hiding) the incorrect results 
obtained by those approaches. 



3 I wonder which will come out as a ‘winner’, the richness of nature or the boundlessness of the 
human imagination. 
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Instead of covering many different systems and many different phenomena, 
only a few simple systems are covered in this book. Through those simple systems, 
we discuss a wide range of physical ideas, concepts, and methods in condensed 
matter theory. The texts in smaller font are remarks or more advanced topics, 
which can be omitted in the first reading. 

Another feature of this book is that I tend to question and expose some 
basic ideas and pictures in many-body physics and, more generally, in theoreti- 
cal physics, such as ‘what are fermions?’, ‘what are gauge bosons?’, the idea of 
phase transition and symmetry breaking, ‘is an order always described by an order 
parameter?’, etc. Here, we take nothing for granted. I hope that those discussions 
will encourage readers to look beyond the nice mathematical formulations that 
wrap many physical ideas, and to realize the ugliness and arbitrariness of some 
physical concepts. 

As mathematical formalisms become more and more beautiful, it is increas- 
ingly easy to be trapped by the formalism and to become a ‘slave’ to the formalism. 
We used to be ‘slaves’ to Newton’s laws when we regarded everything as a col- 
lection of particles. After the discovery of quantum theory , 4 we become ‘slaves’ 
to quantum field theory. At the moment, we want to use quantum field theory 
to explain everything and our education does not encourage us to look beyond 
quantum field theory. 

However, to make revolutionary advances in physics, we cannot allow our 
imagination to be trapped by the formalism. We cannot allow the formalism to 
define the boundary of our imagination. The mathematical formalism is simply a 
tool or a language that allows us to describe and communicate our imagination. 
Sometimes, when you have a new idea or a new thought, you might find that you 
cannot say anything. Whatever you say is wrong because the proper mathematics 
or the proper language with which to describe the new idea or the new thought 
have yet to be invented. Indeed, really new physical ideas usually require a new 
mathematical formalism with which to describe them. This reminds me of a stoiy 
about a tribe. The tribe only has four words for counting: one, two, three, and 
many-many. Imagine that a tribe member has an idea about two apples plus two 
apples and three apples plus three apples. He will have a hard time explaining 
his theory to other tribe members. This should be your feeling when you have a 
truly new idea. Although this book is entitled Quantum field theory of many-body 
systems, I hope that after reading the book the reader will see that quantum field 
theory is not everything. Nature’s richness is not bounded by quantum field theory. 

I would like to thank Margaret O’Meara for her proof-reading of many chap- 
ters of the book. I would also like to thank Anthony Zee, Michael Levin, Bas 
Overbosch, Ying Ran, Tiago Ribeiro, and Fei-Lin Wang for their comments and 



4 The concept of a classical particle breaks down in quantum theory. See a discussion in Section 
2 . 2 . 
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suggestions. Last, but not least, I would like to thank the copy-editor Dr. Julie 
Harris for her efforts in editing and polishing this book. 

Lexington, MA Xiao-Gang Wen 

October, 2003 
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INTRODUCTION 



1.1 More is different 

• The collective excitations of a many-body system can be viewed as parti- 
cles. However, the properties of those particles can be very different from the 
properties of the particles that form the many-body system. 

• Guessing is better than deriving. 

• Limits of classical computing. 

• Our vacuum is just a special material. 

A quantitative change can lead to a qualitative change. This philosophy is 
demonstrated over and over again in systems that contain many particles (or many 
degrees of freedom), such as solids and liquids. The physical principles that gov- 
ern a system of a few particles can be very different from the physical principles 
that govern the collective motion of many-body systems. New physical concepts 
(such as the concepts of fermions and gauge bosons) and new physical laws and 
principles (such as the law of electromagnetism) can arise from tire correlations of 
many particles (see Chapter 10). 

Condensed matter physics is a branch of physics which studies systems of many 
particles in the ‘condensed’ (i.e. solid or liquid) states. The starting-point of current 
condensed matter theory is the Schrodinger equation that governs the motion of a 
number of particles (such as electrons and nuclei). The Schrodinger equation is 
mathematically complete. In principle, we can obtain all of the properties of any 
many-body system by solving the corresponding Schrodinger equation. 

However, in practice, the required computing power is immense. In the 1980s, 
a workstation with 32 Mbyte RAM could solve a system of eleven interacting elec- 
trons. After twenty years the computing power has increased by 100-fold, which 
allows us to solve a system w'ith merely two more electrons. The computing power 
required to solve a typical system of 10 23 interacting electrons is beyond the imag- 
ination of the human brain. A classical computer made by all of the atoms in our 
universe would not be powerful enough to handle the problem. 5 Such an impos- 
sible computer could only solve the Schrodinger equation for merely about 100 

,J It would not evert have enough memory to store a single state vector of such a system. 
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particles. 6 We see that an generic interacting many-body system is an extremely 
complex system. Practically, it is impossible to deduce all of its exact properties 
from the Schrodinger equation. So, even if the Schrodinger equation is the correct 
theory for condensed matter systems, it may not always be helpful for obtaining 
physical properties of an interacting many-body system. 

Even if we do get the exact solution of a generic interacting many-body system, 
very often the result is so complicated that it is almost impossible to understand 
it in full detail. To appreciate the complexity of the result, let us consider a tiny 
interacting system of 200 electrons. The energy eigenvalues of the system axe dis- 
tributed in a range of about 200 eV. The system has at least 2 200 energy levels. The 
level spacing is about 200eV/2 2 °° = 10 60 eV. Had we spent a time equal to the 
age of the universe in measuring the energy, then, due to the energy-time uncer- 
tainty relation, we could only achieve an energy resolution of order 1 0 3:1 eV. We 
see that the exact result of the interacting many-body system can be so complicated 
that it is impossible to check its validity experimentally in full detail. 1 To really 
understand a system, we need to understand the connection and the relationship 
between different phenomena of a system. Very often, the Schrodinger equation 
does not directly provide such an understanding. 

As we cannot generally directly use the Schrodinger equation to understand an 
interacting system, we have to start from the beginning when we are faced with a 
many-body system. We have to treat the many-body system as a black box, just 
as we treat our mysterious and unknown universe. We have to guess a low-energy 
effective theory that directly connects different experimental observations, instead 
of deducing it from the Schrodinger equation. We cannot assume that the theory 
that describes the low-energy excitations bears any resemblance to the theory that 
describes the underlying electrons and nuclei. 

This line of thinking is very similar to that of high-energy physics. Indeed, 
the study of strongly-correlated many-body systems and the study of high-energy 
physics share deep-rooted similarities. In both cases, one tries to find theories 
that connect one observed experimental fact to another. (Actually, connecting one 
observed experimental fact to another is almost the definition of a physical theory.) 
One major difference is that in high-energy physics we only have one ‘material’ 
(our vacuum) to study, while in condensed matter physics there are many different 
materials which may contain new phenomena not present in our vacuum (such 
as fractional statistics, non-abelian statistics, and gauge theories with all kinds of 
gauge groups). 



6 This raises a very interesting question — how docs nature do its computation? How does nature 
figure out the state of 10 2i particles one second later? It appears that the mathematics that we use is 
too inefficient. Nature does not do computations this way. 

' As we cannot check the validity of the result obtained from the Schrodinger equation in full 
detail, our belief that the Schrodinger equation determines all of the properties of a many-body 
system is just a faith. 
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1.2 ‘Elementary’ particles and physics laws are emergent phenomena 

• Emergence — the first principle of many-body systems. 

• Origin of ‘elementary’ particles. 

• Origin of the ‘beauty’ of physics laws. (Why nature behaves reasonably.) 

Historically, in our quest to understand nature, we have been misled by a funda- 
mental (and incorrect) assumption that the vacuum is empty. We have (incorrectly) 
assumed that matter placed in a vacuum can always be divided into smaller parts. 
We have been dividing matter into smaller and smaller parts, trying to discover 
the smallest ‘elementary’ particles — the fundamental building block of our uni- 
verse. We have been believing that the physics laws that govern the ‘elementary’ 
particles must be simple. The rich phenomena in nature come from these simple 
physics laws. 

However, many-body systems present a very different picture. At high ener- 
gies (or high temperatures) and short distances, the properties of the many-body 
system are controlled by the interaction between the atoms/molecules that form 
the system. The interaction can be very complicated and specific. As we lower 
the temperature, depending on the form of the interaction between atoms, a crys- 
tal structure or a superfluid state is formed. In a crystal or a superfluid, the only 
low-energy excitations are collective motions of the atoms. Those excitations are 
the sound waves. In quantum theory, all of the waves correspond to particles, and 
the particle that corresponds to a sound wave is called a phonon. 8 Therefore, at 
low temperatures, a new ‘world’ governed by a new kind of particle — phonons — 
emerges. The world of phonons is a simple and ‘beautiful’ world, which is very 
different from the original system of atoms/molecules. 

Let us explain what we mean by ‘the world of phonons is simple and beauti- 
ful’. For simplicity, we will concentrate on a superfluid. Although the interaction 
between atoms in a gas can be complicated and specific, the properties of emergent 
phonons at low energies are simple and universal. For example, all of the phonons 
have an energy-independent velocity, regardless of the form of the interactions 
between the atoms. The phonons pass through each other with little interaction 
despite the strong interactions between the atoms. In addition to the phonons, the 
superfluid also has another excitation called rotons. The rotons can interact with 
each other by exchanging phonons, which leads to a dipolar interaction with a force 
proportional to 1/r 4 . We see that not only are the phonons emergent, but even the 
physics laws which govern the low-energy world of the phonons and rotons are 
emergent. The emergent physics laws (such as the law of the dipolar interaction 
and the law of non-interacting phonons) are simple and beautiful. 



8 



A crystal has three kinds of phonons, while a superiluid has only one kind of phonon. 




